Abstract. In this paper we extend the geometric formalism of HamiltonJacobi theory for Mechanics to the case of classical field theories in the ksymplectic framework.
⊕T
* Q of k-copies of the cotangent bundle T * Q. In any case, given a Hamiltonian function, both geometric structures produce the field equations.
The aim of this paper is to extend the Hamilton-Jacobi theory to field theories just in the context of k-symplectic manifolds (we remit to [11] for a description in the multisymplectic setting). The dynamics for a given hamiltonian function H is interpreted as a family of vector fields (a k-vector field) on the phase space (T ∂q i ) = constant . where γ i = dW i . It should be noticed that our method is inspired in a recent result by Cariñena et al [7] (this method has also used to develop a Hamilton-Jacobi theory for nonholonomic mechanical systems [10] ; see also [12, 8] ).
The paper is structured as follows. In Section 2, we recall the notion of k-vector field and their integral sections. In Section 3 we discuss k-symplectic Hamiltonian field theory and the Hamilton-Jacobi equation in that context. The corresponding result in the lagrangian description of the field theory is obtained in Section 4. Finally, an example is discussed in Section 5, with the aim to show how the method works.
Geometric preliminaires
In this section we briefly recall some well-known facts about tangent bundles of k 1 -velocities (we refer the reader to [13, 14, 18, 19, 20] for more details). 
. . . ⊕T M of k copies of T M , we deduce that to give a k-vector field X is equivalent to give a family of k vector fields X 1 , . . . , X k on M by projecting X onto each factor. For this reason we will denote a k-vector field by (X 1 , . . . , X k ).
A k-vector field X = (X 1 , . . . , X k ) on M is said to be integrable if there is an integral section passing through every point of M .
In local coordinates, we have
and then ψ is an integral section of (X 1 , . . . , X k ) if and only if the following equations holds: ∂ψ
2 coincides with the definition of integral curve of a vector field.
3. k-symplectic Hamiltonian field theory and the Hamilton-Jacobi equation
In this section, we shall recall the k-symplectic Hamiltonian formulation for classical field theories, (see [9, 20] for more details). Later, we shall describe the Hamilton-Jacobi problem in this setting.
3.1. k-symplectic Hamiltonian field theory. Let Q be a configuration manifold with local coordinates (q i ), 1 ≤ i ≤ n and T * Q its cotangent bundle with fibered coordinates (q i , p i ). Denote by π Q : T * Q → Q the canonical projection. Define the Liouville 1-form or canonical 1-form θ Q by
The canonical 2-form ω Q on T * Q is the symplectic form ω Q = −dθ Q . Therefore, we have 
where A indicates the summand A-th in the Whitney sum.
We can endow (T 1 k ) * Q with a k-symplectic structure given by the family of k canonical presymplectic forms (ω 1 , . . . , ω k ), where
Therefore, we have ω A = dq i ∧ dp A i . Denote also by θ A = Π * A (θ Q ). Remark 3.1. Let us recall that a k-symplectic structures is given by a family of k two-forms satisfying some compatibility conditions (see [2, 3, 15, 16, 17, 18] ). ⋄
Consider a Hamiltonian
The field equations are then obtained as follows.
Consider the mapping
Then, we look for the solutions of the equation
Therefore, we obtain that the equation (3.2) is locally expressed as follows:
satisfies the Hamilton equations
3.2. The Hamilton-Jacobi equation. The standard formulation of the HamiltonJacobi problem for Hamiltonian Mechanics consist of finding a function S(t, q i ) (called the principal function) such that
Equations (3.6) and (3.7) are indistinctly referred as the Hamilton-Jacobi equation in Hamiltonian Mechanics.
In the framework of the k-symplectic formalism, a Hamiltonian is a function
In this context, the Hamilton-Jacobi problem consists of finding
In this section we give a geometric version of the Hamilton-Jacobi equation (3.8) .
where each γ A is an ordinary closed 1-form on Q. Thus we have that every point has an open neighborhood U ⊂ Q where there exists k functions
A has the following local expression:
. (Hamilton-Jacobi Theorem) Let Z be a solution of the Hamilton equations (3.2) and γ
If Z is integrable then the following statements are equivalent:
Proof. The closeness of the 1-forms γ
) is a solution of the Hamilton equations for H, then
Now, we will compute the differential of the function H • γ : Q → R:
Then from (3.10), (3.11) and (3.12) we obtain
the last term being zero by the chain rule. Since Z is integrable, the k-vector field Z γ is integrable, then for each point q ∈ Q we have an integral section σ :
Let us suppose that d(H • γ) = 0 and σ is an integral section of Z γ . Now we will prove that γ • σ is a solution to the Hamilton field equations, that is (3.11) is satisfied.
Since d(H • γ) = 0, from (3.12) we obtain
From (3.3) and (3.9) we know that
and then since σ is an integral section of Z γ we obtain
On the other hand, from (3.10), (3.13) and (3.14) we obtain
and thus we have proved that γ • σ is a solution to the Hamilton field equations.
Remark 3.3. In the particular case k = 1 the above theorem can be found in [11] . ⋄ Theorem 3.4. Let Z be a solution of the Hamilton equations (3.2) and γ :
A is an ordinary closed 1-form on Q. Then, the following statements are equivalent:
Proof. We know that if Z A and γ A are locally given by
ker ♭ is locally written as
where (Y A )
A i = 0. Now, we are ready to prove the result.
Assume that (i) holds, then from (3.3), (3.5) and (3.15) we obtain that
where in the last identity we are using the closeness of γ (see (3.10)). Therefore, d(H • γ) = 0 (see (3.12) ). The converse is proved in a similar way by reversing the arguments.
Remark 3.5. In the particular case k = 1 the above theorem can be found in [11] . ⋄ Remark 3.6. It should be noticed that if Z and Z γ are γ-related, that is, ) has maximal rank. We can endow T 1 k Q with a k-symplectic structure given by the family of k 2-forms (ω
and
We define the Lagrangian energy function as E L = ∆(L) − L where ∆ ∈ X(T 1 k Q) is the Liouville vector field, that is, the infinitesimal generator of the flow
As in the Hamiltonian formalism, we consider the mapping
Therefore, since L is regular, (Z 1 , . . . , Z k ) ∈ ker ♭ L if and only if
Now, we look for the solutions of the equation
which is locally expressed as follows:
Then, if Z is integrable, an integral section
satisfies the Euler-Lagrange equations
Hamilton-Jacobi problem on T 1 k Q. In this section we formulate the Hamilton-Jacobi problem on the tangent bundle of k 1 -velocities.
In the section 3.2 we comment that the Hamilton-Jacobi problem in the ksymplectic framework consists in finding k functions
In a geometric terms, equation (4.6) can be written as
As we have seen in the section 3.2, we look for a closed section γ = (γ 1 , . . . , γ k ) of Π Q such that H • γ = γ * H = constant. Let us observe that the section γ is closed, and hence locally exact, γ A = dW A . The condition dγ = 0 can be alternatively be expressed in terms of the canonical forms (ω 1 , . . . , ω k ) in the form γ * ω A = 0, A = 1 . . . , k, so that one can reformulate the Hamilton-Jacobi geometric problem in the form: find a section γ = (γ 1 , . . . , γ
Consider now the Lagrangian k-symplectic formalism. Let L ∈ C ∞ (T 
where E L denotes the energy function associated to L. The last family of conditions X * ω A L = 0, A = 1, . . . , k implies that the section X is associated (at least locally) with a mapping
L is closed and therefore locally exact, thus there is a function
In this section we will give a geometric version of the Hamilton-Jacobi equation (4.8).
Then, the following statements are equivalent:
The closeness of this 1-forms states that
where X(q) = (q, X k B (q)). In first place, let us suppose that σ(t) = (σ i (t)) is an integral section of X 10) such that σ (1) is a solution of the Euler-Lagrange equations.
We will prove that d(E L • X) = 0 along σ. Now, we compute the differential of the function E L • X : Q → R. In local coordinates we obtain that
Therefore, from (4.5), (4.9), (4.10) and (4.11) we obtain
Thus d(E L • X) = 0 along σ and since the k-vector field X is integrable, for each point q ∈ Q we have an integral section σ of X passing trough this point, then
The converse is proved in a similar way by reversing the arguments. 
Proof. A direct computation shows that if Z A and X A are locally given by
Now, we are prepared to prove the result. Assume that (i) holds, then from (4.2), (4.4) and (4.12) we obtain that
where in the last identity we are using the closeness of
can be considered as the geometric Lagrangian version of the Hamilton-Jacobi equation for k-symplectic field theories. Notice that in local coordinates, the equation (4.13) reads us
, we have that every point has an open neighborhood U ⊂ Q where there exists k functions W A ∈ C ∞ (U ) such that
and then in local coordinates this means
If the Lagrangian L is regular, then the Legendre transformation F L is a local diffeomorphism, then in a neighborhood of each point of 
Example
Vibrating string. In this example we consider the theory of a vibrating string. Coordinates (t 1 , t 2 ) are interpreted as the time and the distance along the string, respectively.
Let us denote by (q, p 1 , p 2 ) the coordinates of (T 1 2 ) * R and let us consider the Hamiltonian
2 τ where σ and τ are certain constants of the mechanical system. In a real string, these constants represent the linear mass density, that is, a measure of mass per unit of length and Young's module of the system related to the tension of the string, respectively.
Let γ : R → (T Let us observe that from this system one obtains that ψ is a solution of the motion equation of the vibrating string, that is,
where ψ(t 1 , t 2 ) denotes the displacement of each point of the string as function of the time t 1 and the position t 2 .
